Abstract. We show that the non-Archimedean skeleton of the Prym variety associated to an unramified double cover of an algebraic curve is naturally isomorphic (as a principally polarized tropical abelian variety) to the tropical Prym variety of the associated tropical double cover. This confirms a conjecture by Jensen and the first author. We prove a new upper bound on the dimension of the Prym-Brill-Noether locus for generic unramified double covers of curves with fixed even gonality on the base. Our methods also give a new proof of the classical Prym-Brill-Noether Theorem for generic unramified double covers that is originally due to Welters and Bertram.
Introduction
Prym varieties are a class of abelian varieties that are associated to covers of Riemann surfaces. They form a bridge between the geometry of curves and the geometry of abelian varieties, and provide a rare class of abelian varieties that may be exhibited explicitly.
Let X be smooth projective curve and let π : r X → X be an unramified double cover. The map π induces natural norm homomorphism
given by pushing forward divisors, i.e. by O r X ( r D) Þ → O X (π˚r D) for all divisors D on X. The kernel of Nm π is a subgroup of Pic 0 (X) consisting of two components. The component containing the identity is known as the Prym variety Pr(X, π) associated with the unramified double cover. As explained in [Mum74] , it carries a natural principal polarization, whose theta divisor Ξ fulfills i˚r Θ = 2¨Ξ, where i˚r Θ denotes the pullback of the theta divisor on Jac( r X) = Pic 0 ( r X).
Prym-Brill-Noether theory. Let X be a smooth projective curve of genus g and π : r X → X an unramified double cover. Rather than working with the components of the kernel of the norm map Nm π , it is occasionally more convenient to consider the preimage Nm −1 π (ω X ) of the canonical line bundle in Pic 2g−2 ( r X). Since the components parameterizing line bundles of positive or negative parity are naturally a torsor over Pr(X, π), the above results transfer to this setting.
This point of view paves the way to studying Brill-Noether loci in Prym varieties. Fix r ě −1. In [Wel85] , Welters defines the Prym-Brill-Noether locus V r (X, π) to be the closed subset V r (X, π) = L P Pic 2g−2 ( r X) Nm π (L) = ω X , r(L) ě r and r(L) " r (mod 2)
in Pic 2g−2 ( r X). 
for all curves X of genus g and all unramified double covers π : r X → X. Using these two facts, Welters' Prym-Gieseker-Petri Theorem [Wel85, Theorem 1.11] implies that, for a general unramified double cover, inequality (1) is an equality.
Prym-Brill-Noether theory with gonality. In contrast, very little is known about special Prym curves. Using Theorem A, and expanding on the work of Pflueger [Pfl17a] (whose use of chains of loops builds of course on [CDPR12] ), we find a previously unknown upper bound on the dimension of V r (X, π) for general unramified double covers of curves X whose gonality is either even or sufficiently large.
Denote by R g the moduli space of unramified double covers, as e.g. introduced in [Bea77] . We refer to the locus of unramified double covers π : r X → X for which X has gonality k ě 2 as the k-gonal locus in R g . For r ě −1, we write n = n(r, k) = Theorem B. Suppose k ě 2 is either even or greater than 2r − 2. There is a non-empty open subset in the k-gonal locus of R g such that for every unramified double cover π : r X → X in this open subset we have:
dim V r (X, π) ď g − 1 − n(r, k) .
In particular, the Prym-Brill-Noether locus V r (X, π) is empty if g − 1 ă n(r, k).
For generic unramified double covers of curves X of gonality k ě 2r − 1, the lower bound (1) tells us that inequality (2) is an equality and Bertrams's existence result [Ber87, Theorem 1.4] implies that the emptiness criterion is necessary as well.
Corollary C. Let k ě 2r − 1. There is a non-empty open subset in the k-gonal locus of R g such that for every unramifed double cover in this open subset we have dim V r (X, π) = g − 1 − r + 1 2 .
In particular, the Prym-Brill-Noether locus V r (X, π) is empty if and only if g − 1 ă r+1 2 .
3
Note that Corollary C contains as a special case the Prym-Brill-Noether Theorem for general double covers that can be deduced from [Wel85] and [Ber87] .
Our proof works in all characteristics prime to 2 and k and so, in particular, in characteristic zero. We expect inequality (2) to be an equality and the emptiness condition to be necessary even in the case of X having even gonality k ă 2r. An adjusted version of the approach by Jensen and Ranganathan [JR17] using logarithmic stable maps to rational normal scrolls might provide us with the desired lower bound. We refrain from including this part of the story and hope to return to it in the near future. At this point, our combinatorial understanding of the situation does not allow us to determine a good upper bound for the dimension of V r (X, π) in the case of odd gonality (see Remark 6.2.3 for some preliminary estimates).
Further comments and complements.
(1) Let A g be the moduli space of principally polarized abelian varieties. There is a natural PrymTorelli morphism pr : R g → A g that associates to an unramified double cover π : r X → X the associated Prym variety Pr(X, π). Theorem A says that the Prym-Torelli morphism naturally commutes with tropicalization, i.e. that the diagram and of trop Ag in [Viv13] . We also refer to reader to [CMP19] for the closely related tropicalization map for the moduli spaces of curves with a theta characteristic. (2) There is a natural modular tropicalization map trop X,π : Pr(X, π)
an −→ Pr(Γ X , π trop ) from the Berkovich space Pr(X, π) an to Pr(Γ X , π trop ) that is induced by the pointwise tropicalization of D (see Section 1.6 below for details). The commutativity of the isomorphism in Theorem A with the Abel-Prym map implies that the diagram
commutes. This allows us to apply both Baker's specialization inequality from [Bak08] and Gubler's Bieri-Groves Theorem [Gub07] for abelian varieties to prove Theorem B. (3) The proof of Theorem A relies on the description of the non-Archimedean skeleton of an abelian variety A in terms of its uniformization (see [Ber90, Section 6 .5]), the identification of Jac(Γ X ) and Jac(Γ r X ) with the skeletons of Jac(X) an and Jac( r X) an from [BR15] , and the compatibility of the norm map under tropicalization, as stated in Corollary 4.2.2. In fact, these methods allow us to prove a partial generalization of Theorem A to higher Prym varieties associated to arbitrary finite morphisms π : r X → X (see Theorem 4.3.1 below).
(4) A possible direction of further inquiry would be to adjust the methods from [JP14] , and give a tropical proof of the Prym-Gieseker-Petri Theorem [Wel85, Theorem 1.11].
Preliminaries
In this section we recall the basic theory of tropical curves, Picard groups, Jacobians, and abelian varieties, as originally proposed in [MZ08] .
1.1. Tropical abelian varieties. Let N be a free finitely generated abelian group. Set N R = Nb Z R and let Λ Ď N R be a lattice of full rank. The quotient Σ = N R {Λ is known as a real torus with integral structure, where the term "integral structure" refers to the choice of lattice N Ď N R , which often differs from Λ (see [FRSS18, Section 2.1]). Let Σ i = N i R {Λ i (for i = 1, 2) be two real tori with integral structure. There is a one-to-one correspondence between homomorphisms f : Σ 1 → Σ 2 of real tori and R-linear homomorphisms r f :
We say that f : Σ 1 → Σ 2 is a homomorphism of real tori with integral structure if r f : N 1 R → N 2 R is induced by a Z-linear map N 1 → N 2 (also denoted by r f). Let M and M 1 be two finitely generated free abelian groups of the same rank and let
be a non-degenerate pairing. We may think of M 1 as a lattice in N R via the embedding m 1 Þ → xm 1 , .y P Hom(M, R) = N R (and of M as a lattice in N 1 R via the embedding m Þ → x., my P Hom(M 1 , R) = N 1 R respectively). We recall [FRSS18, Definition 2.6]: Definition 1.1.1. The quotient Σ = N R {M 1 is said to be a tropical abelian variety, if there is a homomorphism λ : M 1 → M such that the bilinear form
2 )y is symmetric and positive definite.
Write Σ 1 = N 1 R {M and denote by r φ : N R → N 1 R the map induced by λ. The map r φ takes M 1 to M and therefore induces a homomorphism φ : Σ → Σ 1 of real tori with integral structure. We say the Σ 1 is the dual tropical abelian variety of Σ, and φ is called a polarization. A polarization is said to be principal if λ is an isomorphism. An explicit example of a principally polarized tropical abelian variety is given in Section 1.4 below.
A homomorphism f : Σ 1 → Σ 2 of tropical abelian varieties is a homomorphism of real tori with integral structures. The dual homomorphism is the unique homomorphism f 1 :
for all m 1 1 P M 1 1 and m 2 P M 2 . The association f Þ → f 1 defines a contravariant functor and we have a natural isomorphism Σ
Let (Σ i , φ i ) be polarized tropical abelian varieties (for i = 1, 2) and f : Σ 1 → Σ 2 be a homomorphism such that φ 1 = f 1˝φ 2˝f . Denote by ker(f) 0 the connected component of the kernel of f containing zero and by coker(f) the cokernel of f. Proposition 1.1.2. Both ker(f) 0 and coker(f) are tropical abelian varieties.
(i) The dual of ker(f) 0 is coker(f 1 ) and φ 1 induces a polarization i˚φ 1 : ker(f) 0 → coker(f 1 ).
(ii) The dual of coker(f) is ker(f 1 ) 0 and φ 2 induces a polarization q˚φ 2 : coker(f) → ker(f 1 ) 0 .
So the category of polarized tropical abelian varieties an abelian category. Here i refers to the inclusion ker(f) 0 → Σ 1 and the letter q to the quotient Σ 2 → Σ 2 { im(f). We similarly write i˚λ 1 and q˚λ 2 the induced homomorphisms of integral structures.
Proof. The homomorphism f : Σ 1 → Σ 2 is induced by a linear homomorphism r f :
. Then ker(f) 0 is equal to the real torus with integral structure
Finally, the induced polarization i˚λ 1 is given by the composition
This proves Part (i). Part (ii) follows from the dual argument and is left to the avid reader.
We remark that, even when both φ i (for i = 1, 2) are principal polarizations, the induced polarization i˚φ 1 on ker(f) 0 may not be a principal polarization (see Theorem 2.3.7 below).
Tropical curves.
A metric graph is a finite graph G (possibly with loops and multiple edges) together with an edge length function : E(G) → R ą0 . We naturally associate to (G, ) a metric space (G, ) , by introducing an interval of length (e) for every edge e in G, and gluing all of them according to the incidences of G. In this case, we say that the metric graph (G, ) is a model for the metric space (G, ) . A tropical curve is a metric space Γ together with a function h : Γ → Z ě0 that is supported on the vertices of some model (G, ) for Γ .
Let X be a smooth projective curve over a non-Archimedean field K. The non-Archimedean skeleton Γ X of the Berkovich space X an in the sense of [Ber90] naturally has the structure of a tropical curve. We write ρ X for the natural strong deformation retraction of X an onto Γ X and refer the interested reader to [Ber90, Section 4] and [BPR13] for details on this construction.
1.3. Picard groups. Let Γ be a tropical curve. A divisor D on Γ is a finite formal sum ř n i+1 a i p i over points p i P Γ (with a i P Z). We write deg D = ř n i=1 a i for the degree of a divisor D = ř n i=1 a i p i and Div d (Γ ) for the divisors of degree d on Γ . A rational function on Γ is a continuous piecewise-linear function f : Γ → R with integer slopes. Write Rat(Γ ) for the abelian group of rational functions on Γ . There is a homomorphism
where ord p (f) denotes the sum of the outgoing slopes of f at p. Divisors in the image of div are referred to as principal divisors and denoted by PDiv(Γ ). The Picard group of Γ is defined to be the
The degree function descends to Pic(Γ ) and every Pic d (Γ ) is naturally a torsor over Pic 0 (Γ ).
1.4. Albanese and Jacobian variety. Let Γ be a tropical curve. Choose a model (G, ) of Γ . Let M = H 1 (Γ, Z) and M 1 = H 1 (Γ, Z), and consider the edge length pairing x., .y :
a e b e (e) .
Set N R = Hom(M, R) and N 1 R = Hom(M 1 , R). By the universal coefficient theorem, the natural map
is an isomorphism and therefore defines a principal polarization.
Definition 1.4.1. The principally polarized tropical abelian variety Alb(Γ ) = N R {M 1 is called the Albanese variety of Γ and its dual Jac(Γ ) = N 1 R {M the Jacobian variety associated to Γ . Notice that the definition of both Jac(Γ ) and Alb(Γ ) does not depend on the choice of the model (G, d) and that, thanks to the principal polarization, the Jacobian and the Albanese torus are naturally isomorphic.
A 1-form on Γ is a formal R-linear sum over elements de, as e ranges over the edges of G, subject to the condition that de = −de 1 whenever e and e 1 represent the same edge in opposite directions. A 1-form ω = ř ω e de is harmonic if for every vertex v of G, the sum ř ω e over all outgoing edges e at v is zero. The space Ω(Γ ) of 1-forms is a real vector space that is naturally isomorphic to H 1 (Γ, R) by [BF11, Lemma 2.1]. Using this observation we have a natural isomorphism
where Ω(Γ )˚denotes the R-linear dual of Ω(Γ ) and where we send a cycle
1.5. Abel-Jacobi map. Fix a point q in Γ . There is a tropical Abel-Jacobi map α q : Γ −→ Jac(Γ ) constructed as follows: Let p P Γ . Fix a path γ connecting q to p and consider the homomorphism
If we had chosen a different path γ 1 between q and p, then the difference γ ω − γ 1 ω is an element in M = H 1 (Γ ) and the association p Þ → r α q (p, γ) descends to the Abel-Jacobi map
We refer the reader to [MZ08, BF11] for details on this construction. The Abel-Jacobi map extends linearly to a homomorphism α q,˚: Div 0 (Γ ) → Jac(Γ ) and the tropical analogue of the Abel-Jacobi-Theorem [MZ08, Theorem 6.2] states that α q,˚d escends to a 1.6. Tropicalization. Let X be a smooth projective curve over a non-Archimedean field K and write Γ X for its dual tropical curve. We recall how to construct a natural continuous tropicalization map
for f P Rat(X L ), and so the tropicalization map descends to a map Pic(X L ) → Pic(Γ X L ). This construction is compatible with non-Archimedean field extensions and degrees. So we obtain a natural tropicalization map 
Tropical norm maps and the Prym variety
In this section we study two tropical analogues of the norm map, as introduced classically e.g. in [ACGH85, Appendix B.1], and expand on the construction of the Prym variety associated to an unramified double cover from [JL18] .
2.1. Harmonic morphisms. Let Γ and r Γ be tropical curves. A continuous map π : r Γ → Γ is called a morphism if there exist models (G, ) of Γ and ( r G, r ) of r Γ such that
Ď E, and ‚ the restriction to every edge r e P r E is a dilation by a factor d r e (π) P Z ě0 . We say that π is finite if d r e (π) ą 0 for all edges r e in r Γ .
Definition 2.1.1. A finite morphism f : r Γ → Γ is said to be harmonic at r p P r Γ , if the sum
does not depend on the choice of v P T p Γ . Here we write T p Γ (or T r p r Γ ) for the set of tangent directions emanating from p (or r p respectively). A finite morphism is called harmonic if is surjective and harmonic at every point of r Γ .
For a harmonic morphism π : r Γ → Γ , the number
does not depend on the point p P Γ and is called the degree of π. A harmonic morphism is said to be unramified if the ramification divisor
so the morphism is unramified if R r p (π) = 0 for all r p P r Γ . From now on, we refer to an unramified harmonic morphism of degree 2 as an unramified double cover.
Remark 2.1.2. The condition in Definition 2.1.1 says that f pulls back harmonic functions on Γ to harmonic functions on r Γ (see [MZ08, ABBR15, MW18] for more on this point of view).
Let π : r X → X be a finite morphism of smooth projective curves over K. By [ABBR15, Theorem A], the restriction of π an : r X an → X an to Γ r X Ď r X an defines a finite harmonic morphism π trop : Γ r X → Γ X . If π has degree d, so does π trop , and if π is unramified, so is π trop . Alternatively, we may apply the valuative criterion of properness to the moduli space of admissible covers to find a simultaneous semistable reduction of π : r X → X over a finite extension of K. Then π trop is precisely the induced map on dual tropical curves (see [CMR16] for details).
A tropical norm map.
In this section we introduce a tropical analogue of the norm map. We proceed in complete analogy with the algebraic situation, as e.g. explained in [ACGH85, Appendix B.1]. Let π : r Γ → Γ be a finite harmonic morphism. Choose a model for Γ and r Γ such that π is linear on every edge. Lemma 2.2.1. For f P Rat( r Γ ), there is a unique R-linear homomorphism
(1) The slope of Nm π ( r f) at every edge e of G equals the sum of the slopes of r f at all edges r e of r G that map to e, and (2) Nm π (1) = d, where 1 is the rational function whose values are constantly 1.
We refer to Nm π ( r f) as the norm of r f.
Proof of Lemma 2.2.1. For r f P Rat( r Γ ), define a function f on Γ by
We have f P Rat(Γ ) since π is a finite harmonic morphism. We set Nm π ( r f) = f and note that Nm π ( r f + r g) = Nm π ( r f) + Nm π (r g) as well as Nm π (c¨r f) = c¨Nm π ( r f) and Nm π (1) = d. Let e be an edge of Γ connecting vertices v and w. Let {r e} be the collection of preimages of e iñ Γ , and denote v r e and w r e the endpoints of eachẽ (where π(v r e ) = v, π(w r e ) = w). We need to show that ř r e slope r f
(r e) = slope f (e). Using d r e (π)¨ (r e) = (e), we find:
The following Proposition 2.2.2 shows that the natural pushforward map Nm π = π˚: Div( r Γ ) → Div(Γ ) is compatible with the norm map. Proposition 2.2.2. For r f P Rat( r Γ ) we have:
Proof. Let r f P Rat( r Γ ), and denote f = Nm π ( r f). Let p be a point of Γ . From Lemma 2.2.1, it follows that the slope of ψ at every edge e emanating from p equals the sum of the slopes at edges of r Γ mapping down to e. From this we see that
Proposition 2.2.2 implies that the pushforward map naturally descends to a homomorphism
which we call the norm map associated to π : r Γ → Γ . The norm respects degrees and we indiscriminately write Nm π for the induced map Pic
We will now show that Nm π : Pic 0 ( r Γ ) → Pic 0 (Γ ) is an integral homomorphism of principally polarized tropical abelian varieties. Recall from [BF11] that there is a natural pullback homomorphism π˚: Alb(Γ ) → Alb( r Γ ) that is induced by the pullback of harmonic forms along π. Proposition 2.2.3. Fix r q P r Γ and write q = π(r q). Then the diagram of Abel-Jacobi maps
is commutative.
For a finite morphism of algebraic curves the norm map is dual to the pullback homomorphism (see e.g. Proof of Proposition 2.2.3. Let r p P r Γ and set p = π(r p). Choose models r G and G of both r Γ and Γ such that both r p and r q are vertices of r G and π is cellular. Let r γ be a path connecting r q to r p and write
for its associated 1-chain. Recall that π˚:
r e (f)¨ω e de .
For all ω = ř e ω e de P Ω(Γ ) we verify
ω , using d r e¨ (r e) = (e) and this shows the commutativity of diagram (4). Remark 2.2.5. Note that the pullback homomorphism π˚is not the pullback homomorphism induced on cellular cohomology. When we interpret admissible covers as twisted stable maps to BS n , as explained in [ACV03] , the appearance of a dilation factor d r e on the dual tropical curve signifies that the target edge e is really a stacky edge and r e is relatively of degree d e over the stacky edge e. The pullback homomorphism is the pullback homomorphisms on the cellular (co-)homology of the stacky tropical curves. Lemma 2.3.2. The dilation cycle is a union of cycles and isolated points.
Proof. Let r p P r Γ be such that p = π(r p) is in the dilation cycle, namely d r p = 2. Since π is unramified, we find that
where denotes the number of edges emanating from p that are in the dilation cycle. Since both h(p) and h(r p) are integers, must be an even number. Whenever ą 0, the point p is part of a cycle, and otherwise p is an isolated point.
Note that isolated points may only occur where the weight is positive.
Example 2.3.3. Suppose that r Γ consists of a single vertex with weight 1 and two loops of length 1, and Γ consists of a single vertex of weight 0, and two loops of length 2. Then the map π : r Γ → Γ which sends vertex to vertex and dilates the edges by a factor of 2 is an unramified double cover. In this case, the dilation cycle is the entire graph. Now, assume that Γ consists of a vertex p of weight 1 and a loop connected by an edge. Assume that r Γ consists of a point r p of weight one connected by edges to two loops. Then the dilation cycle consists only of the weighted point p.
Lemma 2.3.4. Let π : r Γ → Γ be an unramified double cover. There are bases 1 , . . . , a , a+1 , . . . , a+b of H 1 (Γ ) and
Proof. We find spanning trees T of Γ and r T of r Γ such that the classes of the edges in the complement are precisely the desired basis vectors.
Let us first consider the case that the dilation cycle is empty, so that π is a topological cover. Choose a spanning tree T of Γ . Then r Γ is constructed as follows: Take two copies T 1 and T 2 of T and, for every edge e connecting v to v 1 we have two choices of a lift, either to an edge connecting v 1 to v 1 1 or to an edge connecting v 1 to v 1 2 . We want to impose that r Γ is connected. So we need at least one connection r e 0 between T 1 and T 2 . A spanning tree for r Γ is given by r T = T 1 Y T 2 Y r e 0 . We may write r e1 , . . . , r eg −1 , r e g for the edges in the complement of r T so that e i = π(r e + i ) = π(r e − i ) for i = 1, . . . , g − 1 as well as e g = π(e g ) denote the edges in the complement of T . Note that every edge e i has exactly two preimages r eȋ for i ă g, but e g only has the preimage r e g . In this case we have a = g − 1 and b = 1 and the bases are given by the classes of these edges.
Suppose now that the dilation cycle is non-trivial. Then the construction proceeds as follows:
(1) The restriction of π to π −1 (d(π)) defines a topological cover of Γ −d(π) and we may choose a spanning tree for each component of Γ −d(π) as well as two copies of the same spanning tree above it. (2) Similarly we may choose a spanning tree for every connected component of the dilation locus. Note that this also defines a spanning tree for every connected component of π −1 (d(π)) (all of which are homeomorphic to the corresponding connected components of d(π)
, we take both e and f as part of our spanning tree of Γ and choose three out of the four e˘and f˘for our spanning tree of r Γ .
This constructs spanning trees of T for Γ and r T for r Γ and it is easily checked that the classes of the complements fulfill the desired conditions. Definition 2.3.5. Let π : r Γ → Γ be an unramified double cover. The Prym variety associated to π is the connected component of ker(Nm π ) containing 0.
By Proposition 1.1.2 the Prym variety naturally has the structure of tropical abelian variety (with the polarization induced from Pic 0 ( r Γ )).
Remark 2.3.6. Our definition differs from the one given in [JL18] when the metric graphs are augmented, since we do not add virtual loops in place of vertex-weights. As a result, the dimension of the Prym variety in our case is smaller when there are non-trivial weights.
Let π : r X → X be an unramifed double cover. Then ker(Nm π ) has two components and, by [Mum74] , there is a principal polarization Ξ on Pr(X, π) such that
where i˚r Θ denotes the induced polarization from the Theta-divisor on Jac( r X). The following Theorem 2.3.7 is a tropical analogue of this result and expands on [JL18, Proposition 6.1].
Let π : r Γ → Γ be an unramified double cover. Denote by Γ 0 and r Γ 0 the un-augmented graphs obtained from Γ and r Γ respectively by forgetting the vertex weights. Let g 0 and h 0 be the genera of Γ 0 and r Γ 0 (i.e. their first Betti numbers).
Theorem 2.3.7. Let π : r Γ → Γ be an unramified double cover. Then ker(π˚) is a union of real tori of dimension h 0 − g 0 in Jac(Γ ).
(i) When the dilation cycle of π is trivial then ker(Nm π ) has two connected components. Moreover, there is a principal polarization λ Ξ on Pr(Γ, π) such that (ii) When the dilation cycle of π is non-trivial, then ker(Nm π ) is connected and there is a natural principal polarization λ Ξ on Pr(Γ, π).
We will see from the proof that formula (5) does not hold when the dilation cycle is non-trivial. Example 2.3.9. Consider a double cover as indicated in Figure 1 . We have a = 0. The dilation cycle is given by the two loops e 1 and e 2 and we find that b = 2 with the two vectors r 1 and r 2 associated to r e 1 and r e 2 . We have π˚r i = i for i = 1, 2. The last basis vector r 3 is the one associated to the r e 3 and we have π˚ 3 = 0. The kernel of Nm π has only one component and the polarization on Pr(Γ, π) induced from Jac( r Γ ) is already principal.
The skeleton of an abelian variety
In this section we recall the story of non-Archimedean uniformization, as developed in [Bos76, BL84, BL91] and how it gives the rise to non-Archimedean skeleton of an abelian variety [Ber90, Section 6.5]. We use the language of Berkovich analytic spaces and mostly follow [BR15, Section 4.1-4.3], [FRSS18] , and the beautiful monograph [Lüt16] . Our particular focus will be on the functoriality of this construction; see Section 3.4. 14 3.1. Non-Archimedean uniformization. Let A be an abelian variety over K with split semiabelian reduction. The universal cover E an of A an carries a unique structure of a K-analytic group such that the covering map E an → A an is a morphism K-analytic groups. The K-analytic group is the analytification of an algebraic group E that arises as the extension of an abelian variety B by a split algebraic torus T , i.e. we have a short exact sequence
of K-algebraic groups. The covering map E an → A an , however, is not a k-analytic morphism. Its kernel M 1 = ker(E an → A an ) » H 1 (A an , Z) is a finitely generated free abelian group and so we have a short exact sequence
of K-analytic groups. We may summarize this situation in terms of the Raynaud uniformization cross:
Even more is true: Let T 0 be the affinoid torus in T an . There is unique compact analytic domain A 0 in A an that has the structure of formal K-analytic subgroup whose special fiber is an extension of an abelian variety B by a split algebraic torus T . The abelian variety B is the special fiber of an abelian R-scheme model B of B and T is the special fiber of T 0 . The short exact sequence
lifts to a short sequence
of formal K-analytic groups and the short exact sequence (6) is the pushout of (7) along the inclusion i : T 0 → T an .
3.2. Duality and uniformization. Now let A 1 be the dual abelian variety of A. As explained in [Lüt16, Section 6.3], its universal cover E 1 is dual to E and its Raynaud uniformization cross is given by
where T 1 and B 1 are the duals of T and B respectively and M is the kernel of (E 1 ) an → (A 1 ) an . into the Poincaré bundle on BˆB 1 such that the absolute value x., .y := − log x., .y 1 : M 1ˆM −→ R is non-degenerate.
Tropicalization and skeleton. Write
There is a natural continous, proper, and surjective tropicalization map trop T : T an → N R given by sending a point x P T an to the homomorphism
where χ m is the character of m in K[M]. We have trop −1 (0) = T 0 . Since
is a pushout square, we may extend trop T to a continous, proper, and surjective tropicalization map trop E : E an → N R by declaring trop A 0 (x) = 0 P N R for all x P A 0 . By [Lüt16, Proposition 2.7.2 (c)], the restriction of trop E to M 1 is injective and its image defines a full rank lattice in N R , which we also denote by M 1 . A polarization of A is given by an isogeny A → A 1 . This induces a homomorphism λ : M → M 1 of finite index such that the bilinear form x., λ(.)y is symmetric and non-degenerate. So the integral real torus Σ = N R {M 1 is a tropical abelian variety. Moreover, a principal polarization is given by an isomorphism A 
this induces a homomorphism f M : M 2 → M 1 of character lattices. Thus the homomorphism r f : E 1 → E 2 restricts to a homomorphism r f T : T 1 → T 2 and this induces a homomorphism f B : B 1 → B 2 on the quotients B i = E i {T i .
In the following well-known Proposition 3.4.1 we summarize the functorial properties of the skeleton that will play a crucial role in the proof of Theorem A below. Proof. The abelian variety ker(f) 0 has a Raynaud uniformization cross:
Since there is a one-to-one correspondence between split algebraic tori and lattices, the tropicalization of ker(f T ) 0 is naturally isomorphic to ker(f N ) and this isomorphism descends to an
i be a polarization of A i for i = 1, 2 such that f 1˝φ 2˝f = φ 1 . Then, by Proposition 3.4.1, we have
and so the induced polarization of ker(f) 0 tropicalizes to the induced polarization of ker(f Σ ). The argument for Part (ii) proceeds dually and is left to the avid reader.
The skeleton of Pr(X, π) -Proof of Theorem A
In this section we use Corollar 3.4.2 to prove Theorem A based on the compatibility of the norm map with tropicalization, as stated in Corollary 4.2.2 below. 4.1. The skeleton of Jac(X). Let X be a smooth projective curve over K. The Jacobian Jac(X) of X is an abelian variety with split semi-abelian reduction whose uniformization is given by Jac(X) = E an {M 1 , where
since Γ X is the non-Archimedean skeleton of X an . In [BR15, Theorem 1.3] Baker and Rabinoff prove that there is a canonical isomorphism
of principally polarized tropical abelian varieties that naturally commutes with the Abel-Jacobi maps, i.e. that makes the natural diagram Proof. By Proposition 3.4.1 (i), the induced homomorphism Σ(Nm π ) : Σ Jac( r X) → Σ Jac(X) is unique and so we find, using Proposition 4.2.1, that Σ(Nm π ) = Nm π trop .
4.3. Skeletons of (higher) Prym varieties. Let π : r X → X be a finite morphism. We define the higher Prym variety Pr(X, π) associated to this datum to be the component of ker(Nm π ) containing zero. Given a finite harmonic morphism π : r Γ → Γ of tropical curves, we define in complete analogy the higher tropical Prym variety Pr(Γ, π) to be the component of the kernel of ker(Nm π ) containing zero. Both the algebraic and the tropical higher Prym variety naturally carry the induced polarization from Jac( r X) and Jac( r Γ ) respectively. The following Theorem 4.3.1 partially generalizes Theorem A to higher Prym varieties.
Theorem 4.3.1. Let π : r X → X be a finite homomorphism. There is a natural isomorphism
of polarized tropical abelian varieties that makes the diagram
Proof. By Corollary 4.2.2, the induced map Σ(π) : Σ(Jac( r X)) → Jac(Σ(X)) is equal to the tropical norm map Nm π trop : Jac( r Γ ) → Jac(Γ ). Therefore the tropical Prym variety Pr(Γ, π) is equal to the zero component of the kernel of Σ(f), which, by Corollary 3.4.2, is equal to the skeleton of Pr(X, π) an . Finally, Proposition 4.2.2 together with the natural compatibility of tropicalization with both the Abel-Jacobi map, as proved in [BR15, Theorem 1.3] (also see Section 4.1 above), and with dual homomorphisms, as proved in Proposition 3.4.1 (iii), implies that the retraction ρ X,π to the skeleton commutes with the Abel-Prym map.
We conclude this section with the proof of Theorem A.
Proof of Theorem A. Let π : r X → X be an unramified double cover. By [Mum74] , there is a principal polarization Ξ on Pr(X, π) such that i˚r Θ = 2¨Ξ. Denote by i˚φ r Θ and φ Ξ the corresponding maps Pr(X, π) → Pr(X, π) 1 to their duals. Then i˚r Θ = 2¨Ξ can be rephrased as saying that i˚φ r Θ = φ 2 Ξ . Denote the toric parts of the universal covers of both Jac( r X) and Jac(X) by r T and T respectively. Then we have r T = H 1 ( r Γ ) b G m and T = H 1 (Γ ) b G m . By Corollary 4.2.2 and Corollary 2.2.4, the morphism induced by the norm map Nm π : Jac( r X) → Jac(X) is the one induced by the pushforward map π˚: H 1 ( r Γ ) → H 1 (Γ ). So, choosing spanning trees as in Lemma 2.3.4, we see that φ Ξ can only induce the principal polarization λ Ξ from Theorem 2.3.7.
Tropical Prym-Brill-Noether theory
In this section, we discuss the theory of special divisors within a torsor of the Prym variety.
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Definition 5.0.1. Let Γ be a tropical curve of genus g and π : r Γ → Γ an unramified double cover. The Prym-Brill-Noether locus associated with π is the collection of divisor classes that map down to the canonical divisor of Γ . Explicitly,
We refer to divisors whose class is in V as Prym divisors. The algebraic version of the PrymBrill-Noether locus consists of two connected components. In nice cases, the analogous tropical statement is true as well.
Proposition 5.0.2. If π is a topological double cover, then V is a disjoint union of two connected components. Otherwise, V consists of a single component.
Proof. By Theorem 2.3.7 above, the Prym variety Pr(Γ, π) consists of two connected components when π is a topological cover, and of a single component otherwise. The same is true for V, since it is a translation of Pr(Γ, π) by any pre-image of K Γ .
In the algebraic case, the two components of the locus correspond to parities of the rank of the divisor classes. The following example shows that the analogous statement may not hold in the tropical setting, even for topological covers. However, as we shall see in the remainder of this section, the Prym-Brill-Noether locus is well-behaved in the special case of a topological cover of a chain of loops.
5.1. Young tableaux and divisors on chains of loops. When our metric graph is a so-called chain of loops, there is an elegant correspondence between divisor classes and rectangular Young tableau, which we now describe. Throughout, we use the French style to discuss partitions and Young tableau, as in [Pfl17a] , rather than the English style that appeared in [JR17, Section 2]. For instance, the (1, 1)-cell of a Young tableau is in the bottom-left corner, and the cell (2, 1) is located one step to the right. Given an mˆm partition, we refer to the cells with coordinates (a, b) with a = b as the diagonal, and those where a + b = m + 1 as the anti-diagonal. For a tableau t, we denote t(a, b) the symbol in the cell (a, b).
We set up some notation. Let Λ be a chain of g(Λ) loops as in Next, we wish to describe the structure of the Prym-Brill-Noether locus for a chain of loops. As we noted before, the locus consists of two connected components. Each divisor class in V( r Γ ) has a unique representative with a single chip on each loop, and −1 chips on r w 2g−1 . The counterclockwise distance of the chip on the n-loop from w n is denoted by xξy n . By Lemma 5.2.1 the divisor is Prym if and only if this representative is symmetric in the sense that xξy i = xξy 2g−i for each i ‰ g, and xξy g P {0, 1} (that is, the chip on γ g will either be on r v g or r w g ).
Definition 5.2.2. A Prym divisor is said to be odd if xξy g = 0 and even if xξy g = 1.
Proposition 5.2.3. The Prym-Brill-Noether locus V(Γ, π) has two connected components. One consists of even divisors, and the other consists of odd divisors.
Proof. Since π is a topological double cover, Proposition 5.0.2 implies that V has two connected components, and it remains to show that they correspond to parity. The map f : Pic 2g−1 ( r Γ ) → (R{Z) 2g−1 which sends a divisor class [D] to its coordinates xξy i (for i = 1, . . . , 2g − 1) defines a continuous bijection [Pfl17b, Lemma 3.3] . Therefore, the map obtained by restricting f to V and composing with the projection onto the g th coordinate is continuous as well. It follows that the odd and even divisors must be in separate connected components of V.
5.3. Parity and rank. Denote by V −1 = V even the set of even divisors, and V 0 = V odd the set of odd divisors. In this section we are going to show that odd Prym divisors always have even rank, whereas even Prym divisors have odd rank. The reason for this confusing terminology is that classically, the parity refers to h 0 = r + 1.
Definition 5.3.1. A displacement tableau t on a rectangular partition is said to be Prym if a − b " c − d mod s whenever n = t(a, b) = 2g − t(c, d), and the torsion of the n-th loop is s.
Let P {−1, 0}. The Prym-Brill-Noether cell corresponding to t, denoted P (t), is the subset of T (t) consisting of Prym divisors of parity . That is, P (t) is the subset of T (t) of divisors whose coordinates satisfy xξy i = xξy 2g−i for each i ‰ g and xξy g = . Moreover, denote P(t) = P −1 (t) Y P 0 (t). Note that if t(a, b) = g and b − a ı mod 2, then P (t) = H, but if g R t then both P −1 (t) and P 0 (t) may be non-empty.
As the next example shows, even if t is of length r + 1, it is possible for P(t) to only consist of divisors of rank strictly greater than r. Since the tableau has length 2, one might be inclined to think that P 0 (t) consists of divisors of rank 1. However, we claim that all the divisors in P(t) have rank at least 2. To see that, note that the Prym tableau s = 4 5 7 3 4 6 1 2 4 imposes the same conditions on Prym divisors as t, so P(s) = P(t). But every divisor in P(s) has rank at least 2 because s is defined on a partition of length 3.
For the rest of this section, we describe a method for constructing the tableau s from t as in Example 5.3.2. We begin by recalling a useful construction from [Pfl17b, Section 2].
Definition 5.3.3. Let λ be a partition, and let S be a set of integers. The upwards displacement of λ by S is the partition
where L is the set of boxes (x, y) R λ, such that x − y P S and (x, y − 1), (x − 1, y) P λ (where We now define a sequence of partitions and tableaux corresponding to the symbols between 1 and 2g − 2. Suppose that t(a, b) = n, and assume that the torsion of the n-th loop is s. Denote
If neither n nor 2g − n appear in t, we set S n and S 2g−n to be empty. Note that this is well-defined since t was assumed to be a Prym tableau. Now, let t be a tableau on a partition λ. Define the following partitions by induction.
Define a corresponding tableau t i+1 by filling the cells of λ i+1 \ λ i with the value i + 1. By construction, every square tableau contained in t i is Prym. Moreover, during the construction of each t i , we do not add any new conditions on divisors, so P(t) Ď P(t 2g−1 ). See Example 5.3.7 below for a demonstration of this process. Given a tableaux t, we define its dual tableau tb y t˚(a, b) = 2g − t(r + 2 − b, r + 2 − a). By construction, we have t n (t˚) = t n (t) for every n. Proof. We prove the first part by induction. If n 0 ď g is the lowest symbol appearing in the tableau, then t(1, 1) = n 0 , and t n 0 contains (1, 1). Assume now that the claim is true for every i = 1, . . . , n 0 that appears in t, and suppose that t(a, b) = n. Since t(a − 1, b) and t(a, b − 1) are both ă n, it follows from induction that λ n−1 contains both (a − 1, b) and (a, b − 1). This implies the claim.
For the second part, if t(a, b) = 2g − n, then by the definition of the dual tableau, t˚(r + 2 − b, r + 2 − a) = n. From the first part, it follows that λ n (t˚) contains (r + 2 − b, r + 2 − a). But λ n (t˚) = λ n (t) for every n, so the claim follows.
When a Prym divisor is described by a tableau, its parity is determined by the position of g in the tableau (if it appears), and its rank is bounded from below by the length of the tableau minus 1. Therefore, the main obstacle in proving that the parity of a divisor coincides with the parity of its rank shows up when the position of g does not match the length. However, as the following proposition shows, in that situation, the rank of the corresponding divisors is higher than predicted by the length. Proposition 5.3.6. Let t be a tableau of length r + 1, and let D P P (t). If ı r mod 2, then r(D) ą r.
Proof. It suffices to show that D P P(s) for some tableau s of length strictly greater than r + 1. Let t(a, b) = n or t(a, b) = 2g − n with (a, b) below or at the anti-diagonal. Lemma 5.3.5 implies that λ n contains (a, b). By the assumption that ı r mod 2, together with the fact that P ‰ H, it 25 follows that the symbol g may only appear at a cell (a, b) if b − a " (r + 1) mod 2. In particular, the anti-diagonal only contains symbols n or 2g − n with n ą 0. Lemma 5.3.5 now implies that λ g−1 contains all the cells that are on or below the anti-diagonal of λ. All the cells located just above or to the right of the anti-diagonal are of the form (a, b) with a + b = r + 3, and in particular, satisfy b − a ı (r + 1) mod 2, so λ g contains all of them, including the cells (r + 2, 1) and (1, r + 2), which did not appear in λ.
The proof will be complete once we show that λ 2g−1 contains the entire square of length r + 2. To that end, we show by induction that for all k ě 0, if the symbol appears in the (a, b) cell of t g , then λ g+k contains the cell (r + 3 − b, r + 3 − a). Indeed, if a + b ě r + 3, then (r + 3 − b, r + 3 − a) is in λ g , and there is nothing to prove. Otherwise, both (a, b + 1) and (a + 1, b) appear in λ g , and since both t g (a + 1, b) and t g (a, b + 1) are larger than t g (a, b), it follows from induction that λ g+k−1 contains both (r + 3 − b − 1, r + 3 − a) and (r + 3 − b, r + 3 − a − 1). Therefore, λ g+k contains (r + 3 − b, r + 3 − a). Since t g (1, 1) is smaller or equal g, it follows that λ 2g−1 contains (r + 2, r + 2).
Example 5.3.7. If t is the tableau from Example 5.3.2, then λ 2g−1 = λ 7 is precisely the tableau s from the same example.
On the other hand, suppose that g = 9, and t = 7 8 9 4 5 6 1 2 3 In this case, λ 2g−1 (t) = λ 17 (t) = t, and the construction does not provide any new information. This does not contradict Prop 5.3.6, because the parity of the length of t matches up with the parity of the position of g = 9.
Theorem 5.3.8. Let D be a divisor in V , where P {−1, 0}. Then r(D) " mod 2. In other words, the connected components of V correspond to the parity of the rank of the divisors.
Proof. From Formula (11), there exists a square tableau t of length r(D) + 1 such that D P T (t). Moreover, t is the largest square tableau with that property, since otherwise the rank of D would be strictly greater than r. As D is a Prym divisor, t must be a Prym tableau. Assume by contradiction that the parity of D differs from r(D) mod 2. Then Proposition 5.3.6 implies that there is a larger tableau s such that D P T (s), which is a contradiction.
We now make the following definition in light of Theorem 5.3.8.
Definition 5.3.9. Let π : r Γ → Γ be a folded chain of loops. For r ě −1 we define the tropical Prym-Brill-Noether locus V r (Γ, π) to be the closed subset
, where " r mod 2.
From the proof of Theorem 5.3.8, it follows that we can describe the tropical Prym-BrillNoether locus via Prym tableaux of the appropriate length. That is, Corollary 5.3.10. The Prym-Brill-Noether locus V r satisfies
as t varies over the Prym tableaux of length r, and " r mod 2.
Note that many of the elements in the union are empty, since P (t) = H whenever g appears in t at a cell (a, b) with b − a + 1 ‰ . The question remains, whether there is an intrinsic tropical characterization for the two components of V(Γ, π), when π is not the standard cover of chain of loops. Note that if Γ = Γ X for a smooth projective algebraic curve X, and the tropicalization map is surjective on the Prym-Brill-Noether locus (as is the case when Γ is a chain of loops), then Baker's specialization lemma from [Bak08] 
Prym-Brill-Noether numbers of folded chains of loops
In this section, we compute the dimension of Prym-Brill-Noether loci for folded chains of loops. Throughout this section, we fix an integer r and " r mod 2.
6.1. Generic edge length. In this subsection, we assume that Γ is a chain of loops with generic edge length and π : r Γ → Γ is a folded chain of loops. Proof. The proof will follow from repeatedly applying Lemma 5.2.1. Choose a square partition λ of length r + 1, and construct a tableau t as follows. Place the symbol g along the anti-diagonal (the cells with coordinate (a, b) with a + b = r + 2). Fill the part of the tableau below the antidiagonal with integers 0 ă i 1 ă i 2 ă . . . ă i ( r+1 2 ) ă g, and the part above the anti-diagonal symmetrically according to t(r + 2 − b, r + 2 − a) = 2g − t(a, b). By the position of the symbol g, along with Theorem 5.3.8, the parity of any divisor in P(t) equals the parity of r + 1, so P (t) = P(t), and P(t) Ď V r (Γ, π).
The tableau determines the position of the chips on the loops r γ i and r γ 2g−i for i = 1, 2, . . . , 2 . Each such pair is mapped down by π to a pair of chips on γ i that are equidistant from the vertices. Those chips may be moved (by maintaining linear equivalence) to the two vertices of γ i . It also determines a chip on r γ g that is mapped down to the vertex of γ g . The integers i = r+1 2 + 1, r+1 2 + 2, . . . , g − 1 do not appear in the tableau, so any choice for the position of the chip on γ i will result in a divisor of rank r. To guarantee that this divisor maps down to K Γ we choose the chips on r γ i and r γ 2g−i to be equidistant from the vertices. Their image is a pair of chips on γ i that may be moved to the vertices while maintaining linear equivalence. By the construction, we have one degree of freedom for each such pair, and in total g − 1 − r+1 2 degrees of freedom.
Example 6.1.2. Let r = 2, let Γ be a chain of g = 5 generic loops, andΓ a chain of 9 loops double covering it. In this case, we expect the PBN locus to be 1 dimensional. The tableau 27 5 8 9 2 5 7 1 3 5 gives rise to g 2 8 's onΓ in which the location of the chip on loops 1, 2, 3, 5, 7, 8, 9 is determined, and the chip on loops 4, 6 may be chosen arbitrarily (see Figure 6) . Explicitly, there is a single pole after loop 9, the chip on loop 1 (resp. 9) is on the right (resp. left) vertex, the chip on loop 2 (resp. 8) is one step counter clockwise (resp. clockwise) from the right vertex, the chip on loop 3 (resp. 7) is on the left (resp. right) vertex, and the chip on loop 5 is at the top vertex. In order for those divisors to be Prym, we must choose the free chips on loops 4 and 6 symmetrically, so we get a 1-dimensional family.
r Γ −1 Figure 6 . Prym divisor on a chain of 9 loops.
As we shall now see, the cell constructed in the last proposition is, in fact, maximal.
Lemma 6.1.3. Let P (t) be a cell of the Prym-Brill-Noether locus V r (Γ, π) corresponding to a Prym tableau t. Then dim P(t) ď g − 1 − r+1 2 . Proof. From Lemma 5.2.1, if i appears in a tableau but 2g − i does not, the position of the free chip on r γ 2g−i is determined by the position of the chip on r γ i . It follows that the dimension of the Prym-Brill-Noether locus is the number of 0 ă i ă g such that neither i nor 2g − i appear in the tableau. In particular, the co-dimension is bounded from below by half the number of symbols, other than g, that appear in the tableau. Since g is the only symbol that may repeat in t, and may appear at most r + 1 times, this number is minimized precisely when g appears along the anti-diagonal and t(a, b) = (2g − b, 2g − a) away from the anti-diagonal, in which case the dimension of the Prym-Brill-Noether locus is g − 1 − r+1 2 . We may now prove the main result of this subsection. Proof. The existence part of the theorem and the dimension of the largest component follow directly from Lemma 6.1.3 and Proposition 6.1.1. It is left to show that the locus is pure dimensional. Namely, that every component of non-maximal dimension is contained in a component of dimension g − 1 − r+1 2 . The set V r is the union of P (t), as t varies over Prym tableau of length r + 1. Let t be such a tableau. We claim that there is a tableau s such that P (t) Ď P (s), and dim P (s) is maximal. Indeed, consider the tableau t g−1 (t), as constructed in Definition 5.3.3. Then t g−1 (t) consists only of the symbols 1, . . . , g − 1, and contains the lower triangle of length r. Let s be the tableau of length r+1, that coincides with t g−1 below the anti-diagonal, contains the symbol g along the antidiagonal, and s(r+2−b, r+2−a) = 2g−s g−1 (a, b) above it. Then P (t) Ď P (s), and since none of the symbols apart from g may repeat in the tableau, we conclude that dim P (s) = g−1− r+1 2 . In the 0-dimensional case, we can count the number of points in the Prym-Brill-Noether locus. Proof. By Theorem 6.1.4, the Prym-Brill-Noether divisors correspond to symmetric (r + 1)ˆ(r + 1) Young tableaux with the symbol g along the anti-diagonal. Each such tableau is uniquely determined by a Young tableau with row lengths (r, r − 1, . . . , 2, 1). The result now follows from the hook length formula.
6.2. Special chains of loops. We now turn to the case where the base graph Γ is a chain of loops in which the torsion of every loop is k. As for r Γ , the torsion of r γ i is k when i ‰ g, and the torsion remains 2 when i = g. In the corresponding tableau, a symbol i ‰ g is allowed to repeat, but only if the lattice distance between every two occurrences is a multiple of k.
Denote n = n(r, k) = In what follows, we use the term lower triangular tableau to describe a tableau consisting of cells with coordinates (a, b) with a + b ă r + 2. Such a tableau is obtained by restricting a square tableau to the cells below the anti-diagonal (see Figure 7) . Lemma 6.2.1. Let k be a non-negative integer that is either even or greater than 2k − 2. Then the smallest number of symbols in a k-uniform lower triangular tableau is n(r, k).
